Abstract. We compute the intersection cohomology of the moduli spaces M (r, d) of semistable vector bundles of arbitrary rank r and degree d over a curve. To do this, we introduce new invariants, called Donaldson-Thomas invariants of a curve, which can be effectively computed by methods going back to Harder, Narasimhan, Desale and Ramanan. Our main result relates the Hodge-Euler polynomial of the intersection cohomology of M (r, d) to the Donaldson-Thomas invariants. More generally, we introduce Donaldson-Thomas classes in the Grothendieck group of mixed Hodge modules over M (r, d) and relate them to the class of the intersection complex of M (r, d). Our methods can be applied to the moduli spaces of objects in arbitrary hereditary categories.
years. In particular, for coprime r and d, Harder and Narasimhan [16] and Desale and Ramanan [10] developed an inductive method to determine the Betti numbers of M (r, d) using the Weil conjectures and the Siegel formula whose proof [16] was based on Weil's computation of the Tamagawa number of SL n over function fields [40] . Later Atiyah and Bott [2] developed the same recursive formula using gauge theory. Then Bifet, Letizia and Ghione [5, 15] developed algebro-geometric methods to prove the Siegel formula. These methods were used by del Baño [8] to prove recursive formula for the motives and Hodge polynomials of M (r, d). Independently, Earl and Kirwan [11] proved the same recursive formula for the Hodge polynomials of M (r, d) using equivariant cohomologies and a refinement of the Atiyah and Bott approach. Meanwhile, Laumon and Rapoport [23] and Zagier [41] solved the above recursion and obtained a rather explicit formula for the invariants of M (r, d).
All of the above results deal with moduli spaces M (r, d) for coprime r and d. In the case of arbitrary rank and degree, M (r, d) contains a smooth open dense subspace M s (r, d) parameterizing stable vector bundles. Their virtual Poincaré polynomials were determined in [30] using Hall algebras over finite fields. We expect that similar results can be obtained for motivic invariants and Hodge polynomials using motivic Hall algebras and motivic quantum tori [28] .
The goal of this paper is to compute the intersection cohomology of M (r, d) for arbitrary r and d. These invariants were computed for r = 2 by Kirwan [20] using partial desingularizations of quotients and related techniques developed by the author [18, 19, 21] .
The idea of this paper is to relate intersection cohomologies of M (r, d) to other famous invariants, called Donaldson-Thomas invariants. These invariants are usually defined for moduli spaces of sheaves on 3-Calabi-Yau varieties or, more generally, for moduli spaces of objects of 3-Calabi-Yau categories [22] . But this construction also can be applied to hereditary categories (abelian categories such that Ext i is zero for i ≥ 2) [31, 33] and, in particular, to the category of coherent sheaves on a curve. In this way we define Donaldson-Thomas invariants DT r,d which can be effectively computed. After relating these invariants with intersection cohomologies of M (r, d), we obtain an effective method to compute the latter. Let us be more specific. The moduli space M (r, d) of semistable vector bundles over X can be represented as a GIT quotient of a smooth variety R r,d by a general linear group G r,d [35] . The cohomologies with compact support H * c (R r,d ) and H * c (G r,d ) can be equipped with mixed Hodge structures and we can consider these objects as elements of the Grothendieck group K 0 (MHS) and then consider their Hodge-Euler polynomials (aka E-polynomials, aka Hodge-Deligne polynomials) [36, §3.1]
Define L = uv and L (1)
It is these unpretentious and long-suffering invariants that were determined by the aforementioned recursive formulas. In particular, if r and d are coprime, then
and this is how the Betti or Hodge numbers of M (r, d) are determined. The role of the other summands in the above series remained quite mysterious. Motivated by definitions of Donaldson-Thomas invariants in other contexts [31, 32] , we define the Donaldson-Thomas invariants of the curve X by the formula (2) d/r=τ
where Log is the so-called plethystic logarithm [29] . As Q τ can be computed explicitly (see Theorem 5.5), we can also compute DT r,d . These computations show that DT r,d is a polynomial in L ± 1 2 with non-negative coefficients. This fact is not very surprising in view of a similar result proved in the context of quivers by Efimov [12] . Now we are ready to relate the DT invariants to intersection cohomology. Given a complex algebraic variety Y of dimension n, let IC Y be its intersection complex (it can be equipped with a structure of a pure Hodge module of weight n). Intersection cohomology
can be considered as an element of K 0 (MHS) and we can take its Hodge-Euler polynomial.
Theorem 1.1. We have
The object L −n/2 IC Y [−n] is self-dual with respect to Verdier duality and is pure of weight zero, hence we obtain an analogue of Poincaré duality for DT invariants.
In order to prove Theorem 1.1, we will introduce Donaldson-Thomas classes
and we prove a more general statement for these classes. 
For the proof of this result we will utilize ideas of [27] , where moduli spaces of quiver representations were studied (similar extensions of the methods of [27] were developed independently in [26] ). First, we introduce the moduli space M f (r, d) of stable framed vector bundles. This moduli space is always smooth and there exists a projective morphism π : M f (r, d) → M (r, d). The fibers of this map over M s (r, d) are projective spaces, but the other fibers can be rather complicated. We will show that, under the condition d/r > 2g − 2, these fibers can be identified with moduli spaces of stable nilpotent quiver representations (see Theorem 3.10) . This analysis of fibers is used to show that π is a virtually small map (see Theorem 3.11), a weaker version of the notion of a small map (see §2.3). Similarly to the notion of a small map, virtual smallness has important implications on the weights of the direct image of the intersection complex (see Cor. The paper is organized as follows. In section 2 we introduce virtually small complexes and extensions of the Grothendieck group of mixed Hodge modules. We introduce the notion of degree of mixed Hodge modules which is crucial in the comparison of summands of π * IC M f (r,d) . We introduce virtually small maps and prove their basic properties. Finally, we prove an analogue of the Künneth formula for projective fiber bundles. This result is needed later in order to analyze π * IC M f (r,d) over the stable part M s (r, d).
In section 3 we introduce a framework to study the categories and moduli spaces of framed objects in a rather general context. We prove that certain subcategories of categories of framed objects are equivalent to categories of nilpotent quiver representations in Theorem 3.4. This result is used in Theorem 3.10 to identify the fibers of the map π : M f (r, d) → M (r, d) with moduli spaces of framed nilpotent quiver representations. Then we prove that π is virtually small in Theorem 3.11.
In section 4 we study graded commutative monoids of algebraic varieties. We prove in Theorem 4.2 that the category D b MHM (as well as certain variants D b c and MHM, Perv under mild conditions) of such a monoid is a symmetric monoidal category. For this reason its Grothendieck group can be equipped with a structure of a λ-ring. This structure is used later to define the Donaldson-Thomas classes.
In section 5 we introduce Donaldson-Thomas classes DT r,d and discuss some of their properties. We prove that they are related to the intersection complex IC M (r,d) in Theorem 5.4.
Finally, in section 6 we work out explicitly the Poincaré polynomials of intersection cohomology of M (r, d) in low rank.
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Remark 2.1. The usual convention in motivic cohomology [3] is to define the Lefschetz object in such a way that
The difference with our convention arises because the usual (covariant) realization functor from the category Smp /C of smooth projective complex varieties to the category D b MHM(pt) is given by X → H * (X) = DH * (X), while we will use its dual X → H * c (X) which extends to χ c :
is a module over the ring K 0 (MHM(pt)). We extend K 0 (MHM(X)) by considering rational coefficients, adding the square root L 1 2 and inverting the elements 1−L n for n ≥ 1. More precisely, we define
We extend the objects of D b MHM(X) by considering formal expressions of the form Let Q H ∈ MHM(pt) be a unique object of type (0, 0) such that rat Q H = Q [38, 1.4] . Abusing notation, we will denote it by Q. Given an algebraic variety X of dimension d, let
be the corresponding object of weight ≤ 0 in D b MHM(X) and let IC X = IC X Q ∈ MHM(X) [38, 1.13] be the intersection complex, pure of weight d, such that
where H denotes cohomology in D b MHM(X) (corresponding to perverse cohomology in D b c (Q X )). Every pure weight n object M ∈ MHM(X) satisfies DM ≃ M (n).
In particular, D IC X = IC X (d). We define the virtual intersection complex
which can be thought of as a self-dual, weight zero object. Note that rat IC vir X = rat IC X . If X is smooth, then
2.2. Degree of mixed Hodge modules. Let M ∈ MHM(X) be a pure Hodge module of weight w(M ). We define its degree to be deg
, where we define the degree of an object in MHM(X) to be the maximal degree of simple factors in a Jordan-Hölder filtration of the object. Note that the degree (unlike the weight) is unchanged under cohomological shifts. For example deg
has weight zero. We will extend the notion of degree to K(MHM(X)). For any pure
and then extend the definition to
On the other hand, we have an equality
for any n ≥ 1. Therefore we can extend the definition of degree to
Note that the degree of elements in K(MHM(X)) can be negative, while the degree of elements in
IC X has weight and degree zero. If M is pure of weight n, then DM ≃ M (n) has weight −n. This implies that the involution
induced by the duality, preserves degrees.
2.3. Virtually small maps. We say that a proper morphism π : X → Y of irreducible algebraic varieties with smooth X is virtually small if there exists a stratification Y = α Y α into locally closed subvarieties with the following properties. Consider the cartesian diagrams, for each α,
Let Y 0 be the unique dense stratum in Y . Then we require for all α:
(1) Y α is smooth and π α : X α → Y α isétale locally trivial with fibers of dimen-
with equality only for α = 0.
Moreover, for any α = 0,
where H k means the ordinary cohomology sheaf functor on D(Y ). We have
This object can be nonzero only if
Therefore if the above object is nonzero, then dim
Taking duals, we obtain π * IC X ∈ D ≥−d 0 . We can have equality only for α = 0.
Proof. We know that IC vir X is pure self-dual of weight zero. As π is projective, we obtain that π * IC vir X is also pure self-dual of weight zero [38, 1.8] . This implies that w(H k π * IC vir X ) = k whenever the cohomology object is non-zero, where H k denotes the ordinary cohomology on D b MHM(Y ) (corresponding to perverse cohomology on D(Y )). Therefore, according to the previous result, we have
and deg π * IC
The statement for the strata Y α is obtained in a similar way using the previous result.
2.4.
Projective fiber bundles. In this section we will prove an analogue of a Künneth formula for projective fiber bundles. This is a rather unexpected result which holds only because we can apply the hard Lefschetz Theorem which produces a chain of isomorphisms on each fiber.
Theorem 2.5. Let f : X → Y be a projective map between smooth algebraic varieties with all fibers isomorphic to P n (it is automaticallyétale locally trivial). Then
Proof. Let η be the first Chern class of a relatively ample line bundle on X. It can be interpreted as a morphism 
The latter object can be non-zero only for −n ≤ k ≤ n. Using the fact that the fibers of f are isomorphic to P n , we see that the maps
are all isomorphisms. We have
This implies
Moduli spaces of framed vector bundles
Let us explain the goal of this section. We want to study intersection cohomologies of the moduli spaces M (r, d) of semistable vector bundles on a curve X which have rank r and degree d. However, these moduli spaces can have singularities if r and d are not coprime. For this reason, we will introduce the moduli spaces M f (r, d) of stable framed vector bundles which consist of pairs (E, s), where E is a vector bundle and s ∈ Γ(X, E) is a section. Under certain conditions these moduli spaces are smooth and there exists a projective morphism π :
In this section we will study the fibers of this morphism. We will show that these fibers can be identified with moduli spaces of quiver representations and we will use this analysis to prove that the morphism π is virtually small in the sense of section 2.3. The properties of virtually small maps proved in section 2.3 will be used in the subsequent sections. We will treat the moduli spaces and the categories of framed objects in a rather abstract and unifying way that can be applied in many different situations.
3.1. Stability of framed objects. We will formulate stability of framed objects in a way slightly different to [33, 34] . All categories are assumed to be -linear, where is a field. Let Vect denote the category of finite-dimensional vector spaces over . Consider the following data (1) An abelian category A with a stability function Z (see e.g. [6, §2] ). (2) A left exact functor Φ : A → Vect, called the framing functor.
We will consider pairs (E, s), where E ∈ A and s ∈ Φ(E).
Example 3.1. One example is A = Coh X, the category of coherent sheaves on an algebraic variety X, and Φ(E) = Γ(X, E). Another example is A = Rep Q, the category of representations M of a quiver Q and, for a given w ∈ N Q 0 ,
In this case, a pair (M, s) can be interpreted as a representation of a new quiver Q ′ , obtained by adding to Q a new vertex * and w i arrows * → i for each i ∈ Q 0 , such that the dimension of this representation at the vertex * equals one. ♦ Using the stability function Z = −d + i r : K 0 (A) → C, for any object E ∈ A, we define its slope
and say that an object E is semistable (resp. stable) if, for any proper 0 = F ⊂ E, we have µ(F ) ≤ µ(E) (resp. µ(F ) < µ(E)). Given τ ∈ R, we say that a pair (E, s) is τ -semistable if
Similarly we can define τ -stability. We say that (E, s) is stable if it is stable with respect to τ = µ(E) + = µ(E) + ε for 0 < ε ≪ 1. This means
More generally, we consider triples (E, V, s), where E ∈ A, V ∈ Vect and s : V → Φ(E) is linear. They form an abelian category A f of framed objects. 
One can show that C Φ is an abelian category using left exactness of Φ. Note that for us left exactness was crucial in the definition of τ -stability. This is not a surprise as we had to test certain subobjects of the objects of C Φ . Note that if A, B are equipped with stability functions then we can also equip C Φ with a stability function. ♦ Given τ ∈ R, consider the category A τ of semistable objects in A having slope τ . Then stable objects of A with slope τ are simple objects of A τ . Let E 1 , . . . , E n ∈ A τ be stable and C ⊂ A τ be the abelian subcategory generated by them. This subcategory is closed under taking subobjects and quotients in A τ . We can define the category C f of framed objects in C as above. Proof. If (E, s) is stable in A f , then it is automatically stable in C f . Moreover, if F ⊂ E in C is proper and s ∈ Φ(F ), then µ(F ) < µ(E) = τ , contradicting F ∈ C ⊂ A τ .
Assume that (E, s) is stable in C f and let F ⊂ E be proper with s ∈ Φ(F ). As E is semistable, we have µ(F ) ≤ τ . If µ(F ) = τ , then F ∈ A τ . Moreover, as C is generated by the simple objects E i ∈ A τ and F ⊂ E ∈ C, we conclude that F ∈ C. But this would imply that (E, s) is not semistable in C f . Now we will describe the category C f as a category of quiver representations. Consider the quiver Q with vertices 1, . . . , n and with dim Ext 1 (E i , E j ) arrows i → j for all i, j ∈ Q 0 (we may call it the Gabriel quiver of C). Let Q ′ be the quiver obtained from Q by adding one vertex * and w i = dim Φ(E i ) arrows * → i for all i ∈ Q 0 .
Theorem 3.4.
( Proof. The first statement is well-known [9, §1.5]. For the second statement we can assume that C = Rep nil (Q) and we will show that an exact functor Φ : C → Vect is uniquely determined (up to a non-unique natural transformation) by its values on the simple objects. This will imply the second statement as the constructions of C f and Rep nil (Q ′ ) both rely on such a functor.
Let r ⊂ A = Q be the radical. It is enough to show that Φ is uniquely determined on the subcategory C t = Rep A t ⊂ C (which is not an exact subcategory), where A t = A/r t+1 for all t ≥ 0. Let S i be the simple modules and P i = A t e i their projective covers as A t -modules. We consider the projective module
and we will construct an isomorphism a : h P → Φ of functors over C t , where
The map
is surjective as P i → S i is surjective and Φ is exact. Consider some preimage a : h P → Φ of the sum of identities. It corresponds to a i :
is the identity for all i. It induces a chain of maps
For M = S j , the composition of the last two arrows is an isomorphism. This implies that a : h P → Φ induces an isomorphism on simple objects. By exactness of h P and Φ on C t , we obtain that a : h P → Φ is an isomorphism of functors on the whole C t . Hom(
is exact and satisfies the conditions of the above theorem. ♦ Example 3.7. Let X be a smooth projective curve of genus g, τ > 2g − 2 be a real number and A τ ⊂ Coh X be the category of semistable sheaves having slope τ . Then the functor
is exact and satisfies the conditions of the above theorem. Indeed, we have
where the last equality follows from the fact that both sheaves are semistable and µ(E) = τ > 2g − 2 = µ(ω X ). ♦ Example 3.8. Let S be a smooth projective surface and H be an ample divisor such that H · K S < 0, where K S is the canonical divisor. Define the slope function on Coh S
Given τ ∈ R, consider the category A τ of semistable sheaves (also called Mumford semistable or µ semistable) in Coh S having slope τ . This category is hereditary. Indeed, for any E, F ∈ A τ , we have
as both F and E ⊗ ω S are semistable and
If τ > H · K S , then the functor
The last theorem implies that moduli spaces of stable pairs (E, s) with E ∈ C can be described as moduli spaces of stable nilpotent representations of Q ′ that have dimension one at the vertex * . Such representations can be interpreted as framed representations of Q, namely as a pair (M, s), where M ∈ Rep(Q) and
Stability means (see Lemma 3. 3) that the one-dimensional vector space M * generates the whole representation M . It corresponds to the trivial stability parameter θ = 0 ∈ R Q 0 and θ * = 1.
3.2.
The case of vector bundles. Let X be a curve of genus g. We consider the category A = Coh X and the framing functor Φ = Γ(X, −) on A. Let M (r, d) be the moduli space of semistable vector bundles over X having rank r and degree d. Let M f (r, d) be the moduli space of stable framed vector bundles (E, s) with E having rank r and degree d. There is a natural projective morphism
and we will analyze its fibers under the condition τ := d/r > 2g − 2. Note that in this case
for all E ∈ A τ . This implies that the functor Φ = Γ(X, −) : A τ → Vect is exact and we can apply the above results. Namely, we can interpret the fibers of π as the moduli spaces of stable nilpotent quiver representations. The moduli space M (r, d) parametrizes poly-stable vector bundles of the form
where E i are pairwise non-isomorphic stable vector bundles with ch E i = (r i , d i ) and
The pair (γ, m) is called the type of E. The set S γ,m ⊂ M (r, d) of all vector bundles of type (γ, m) is called the Luna stratum of type (γ, m). These sets form a finite stratification of M (r, d).
Define the quiver Q γ with vertices 1, . . . , n and with number of arrows from i to j equal to (10) dim Ext
Note that Q γ a symmetric quiver.
Remark 3.9. Let Q be a quiver and a ij be the number of arrows from i to j in Q for all i, j ∈ Q 0 . One defines the Euler form of Q by
In particular, let m, m ′ ∈ N n = N Q γ,0 and let
be the corresponding vector bundles. Then
♦ Let Q ′ γ be the framed quiver obtained from Q γ by adding one vertex * and adding 
has type (γ, m), then every E i has slope d i /r i = τ . As before, let C ⊂ A τ be an abelian category generated by E 1 , . . . , E n . We proved in Theorem 3.4 that C is equivalent to the category Rep nil (Q γ ) and C f is equivalent to the category Rep nil (Q ′ γ ). If (E, s) ∈ π −1 (E), then the factors of the Jordan-Hölder filtration of E ∈ A τ contain m i copies of E i for all 1 ≤ i ≤ n. Therefore E ∈ C and (E, s) is stable in C f by Lemma 3.3. As C f ≃ Rep nil (Q ′ γ ), we can identify (E, s) with a nilpotent representation M of Q ′ γ with a dimension vector m ∈ N Q γ,0 and m * = 1. Stability in C f from Lemma 3.3 translates to the condition that M * generates M as a quiver representation. Conversely, every such representation gives a stable object in C f of type (γ, m) and therefore a point in the fiber π −1 (E).
3.3. Virtual smallness. Now we can prove virtual smallness of the map π using methods of [27] .
∈ S γ,m , we can identify the fiber π −1 (E) with the moduli space M nil (Q ′ , m) of nilpotent stable framed representations of Q. The maximal stratum corresponds to n = 1 and m 1 = 1, when E is stable. In this case the dimension of the fiber is
For any m ∈ N n = N Q 0 , let
be the space of all representations of Q having dimension vector m and let R nil m ⊂ R m be the subspace of nilpotent representations. These spaces are equipped with an action of the group G m = i∈Q 0 GL m i . Applying [27, Theorem 5.1] or using the standard Hall algebra techniques (note that the quiver Q is symmetric), we obtain
where e i is the standard basis vector of Z Q 0 . We have
as G m acts freely on the stable framed representations. Finally, the dimension of the space M (r, d) is equal to 1 − χ(E, E), hence the codimension of the stratum S γ,m is
We obtain
Equality is obtained only for n = 1 and m 1 = 1. This corresponds to the maximal stratum.
Remark 3.12. Note that our argument works for any hereditary category A (of semistable objects) with an exact framing functor Φ : A → Vect such that the Euler form (hence the above quiver Q) is symmetric. This implies that all of the later results can be applied in this generality once one constructs the moduli spaces of framed objects. ♦
Graded commutative monoids and λ-rings
Let Γ be a commutative monoid, (in our applications it will be N k for some k ≥ 0) and let X = d∈Γ X d be a Γ-graded commutative monoid in the category of complex algebraic varieties. This means that the X d are complex algebraic varieties equipped with a commutative associative operation
and with a unit 0 : pt → X 0 such that
is the identity for every d ∈ Γ. We will assume additionally that the X d are quasiprojective.
Remark 4.1. Our main example will be the moduli spaces of semistable vector bundles (or quiver representations) graded by the Chern character (resp. dimension vector). Here are some other examples
(1) Given a quasi-projective variety X, define This construction generalizes (1) and (2). One can think of Y d as a moduli space of stable objects (in some category). Then X d corresponds to the (stratification of) moduli space of semistable objects. . Given a Γ-graded commutative monoid X as before, define a Γ-graded category
and equip it with the tensor product
Note that if µ is finite (and this is true in most interesting situations) then the above definition also makes sense for A = MHM and A = Perv. All results that we prove will be also true for A = MHM and A = Perv. Proof. The fact that ⊙ defines a symmetric monoidal structure on A(X) = D b c (Q X ) is straightforward. The case A = D b MHM is more subtle and follows from the results of [24] . More precisely, let E ∈ A(X d ), F ∈ A(X e ) and let σ : X e × X d → X d × X e be the permutation. Then we obtain from [24, Theorem 1.9] (applied to X = X d ∪ X e ) that there exists a canonical isomorphism
such that σ * σ # • σ # = Id. Applying the pushforward µ ! and using commutativity of our graded monoid, we obtain an isomorphism σ EF : E ⊙ F → F ⊙ E, called a braiding, satisfying σ EF • σ F E = Id. We also obtain from [24, Theorem 1.9] that the braidings for D b MHM and D b c are compatible via the functor rat.
From now on we will consider only Grothendieck groups with rational coefficients. The category A(X) is Karoubian (has splitting idempotents) and has a distributive symmetric monoidal structure (rring in terms of [14, §3] 
is a Γ-graded λ-ring. The extended Grothendieck group K(MHM(X)) also inherits a structure of λ-ring (we define
). We will also consider its completion
in order to work with generating functions. For any element a = (a d ) d∈Γ in K(MHM(X)) with a 0 = 0, the element
is well-defined. The element a can be uniquely reconstructed from Exp(a) (see e.g. [29] ). Given a partition λ ⊢ n, let V λ be the corresponding simple representation of S n (defined over Q) and let S λ : A(X) → A(X) be the Schur functor defined by [17, 4 .1]
where we first consider Hom(V λ , E ⊗n ) as a direct sum of dim V λ copies of E ⊗n and then take its S n -invariant subobject by splitting an idempotent. We have
In particular, for the trivial representation
where im denotes the image of an idempotent in a Karoubian category. 
is a symmetric monoidal functor (preserves the monoidal structure and respects the braiding). Therefore it induces a λ-ring homomorphism
We need to construct a natural transformation
But (see [24, 1.12 .1])
This isomorphism respects the braiding according to [24, §1.12] .
DT invariants of curves
Let X be a connected smooth projective curve of genus g. d) ) be the moduli stack (resp. the moduli space) of semistable vector bundles over X having rank r and degree d. For any τ ∈ Q, define
where µ(r, d) = d/r. Then M τ and M τ are N-graded commutative monoids, where the sum operation is given by the direct sum of vector bundles. We consider the natural map p : M γ → M γ and similarly define the map p :
) be the moduli space of stable framed vector bundles of type γ. There is a natural map π : M f,γ → M γ which is virtually small by Theorem 3.11, for µ(γ) > 2g − 2. Similarly, we define M f,τ = µ(γ)=τ M f,γ and consider the corresponding projection π : M f,τ → M τ .
Remark 5.1. If f : X → Y is a principal GL n bundle, then it is locally trivial in the Zariski topology. Using the Künneth formula, we obtain
The stack M γ can be represented as a global quotient R/G, where G is a general linear group. If q : R → M γ is the projection, we can formally define
Alternatively, we can use Grothendieck groups of algebraic varieties and the composition
to construct the required class on the right hand side (cf. [28] ). ♦
We define relative Donaldson-Thomas classes DT γ ∈ K(MHM(M γ )) of the curve X by the formula
As stressed earlier, this formula determines DT classes uniquely. Using wall-crossing formulas, one can relate the above unframed invariants to framed invariants as follows (see [13, 33, 28] and a related result in the context of motivic Hall algebras [7, Lemma 4.4 
])
Theorem 5.2. We have
This formula, again, determines DT classes uniquely. According to it, these classes can, theoretically, have expressions of the form (L n/2 − L −n/2 ) in the denominator. An important result, derived in [27, §6.5] , states that this is not the case.
Theorem 5.3 (Integrality conjecture). We have
This result implies that the degree of DT γ is always non-negative. As a matter of fact, as we will show, this class is a virtual intersection complex, hence has degree zero. Proof. We can assume that γ = (r, d)
For any γ ∈ Γ + , we can write (13) in the form
where P is the set of partitions. Let δ γ : Γ + → P map γ to (1) and map any other element of Γ + to the zero partition. If λ = δ n then the corresponding summand in (14) is (−1) χ(γ) [P χ(γ)−1 ] vir · DT γ and its degree is at least deg[P χ(γ)−1 ] vir = χ(γ) − 1 by the integrality conjecture. If λ = δ n then the corresponding summand in (14) is a product of α S λα [(−1) χ(α) P χ(α)−1 ] vir and Schur functors of virtual intersection complexes (by induction). By construction, such a Schur functor is a direct summand of an external product of intersection complexes (followed by a direct image along a finite morphism). Intersection complexes are stable under external products and direct images along finite morphisms (see [24, Remark 2.4] ). Therefore this summand will be a (virtual) intersection complex (cf. [27, Prop. 3.5] ) and in particular it will have degree zero. This implies that the degree of the summand corresponding to λ = δ n is less or equal
On the other hand, the map π : M f,γ → M γ is virtually small by Theorem 3.11. Let j : M s γ ֒→ M γ be the maximal stratum (consisting of stable vector bundles). Then π has fibers P χ(γ)−1 over M s γ . By Corollary 2.4 the object π * IC
is pure of weight zero and we can write
where V n ∈ MHM(M s γ ) are smooth pure of weight n and R is supported on M γ \M s γ and has degree < χ(γ) − 1. By Theorem 2.5 we have
Mγ +R. Taking the summands of degree ≥ χ(γ) − 1 in (14) and (15), we obtain DT γ = IC vir Mγ .
Applications. Consider the series
from the introduction, where
(the minus sign corresponds to the fact that, as a mixed Hodge module, L 
where {x} = x − ⌊x⌋ is the fractional part of x and
We define the Donaldson-Thomas invariants of the curve by the formula
Our general Theorem 5.4 has the following important corollary.
Remark 5.7. One can also define the Donaldson-Thomas invariants for torsion sheaves (that is, sheaves with infinite slope)
One can easily show that
This observation allows us to compute all DT invariants for elliptic curves. Indeed, according to the results of Atiyah [1] , there is a correspondence between moduli spaces of semistable sheaves for different slopes. Therefore one can reduce all computations to the case of torsion sheaves and obtain for elliptic curves
if r, d are coprime and zero otherwise. ♦
Examples
Applying Theorem 5.6 and using substitutions
we immediately get the following explicit formula for the Poincaré polynomial in intersection cohomology of the moduli spaces M (r, d) as an identity of formal series in Q(y) t :
Corollary 6.1. For arbitrary τ ∈ Q, we have in Q(y) t (with λ-ring structure given by Adams operations ψ i (y) = y i , ψ i (t) = t i ): (1 − y 2i−1 ) 2g (1 − y 2i ) 2 .
We will work out all cases of rank r ≤ 4 in detail. To prepare these calculations, we first note that, if Next we work out Zagier's resolution of the Harder-Narasimhan recursion: Combining these formulas, using the definition of Q r and performing some trivial simplifications, we arrive at the following formulas for the Poincaré polynomials of intersection cohomology of M (r, d) (we also list the known coprime cases for the reader's convenience):
For M (2, 0), we find 
